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Abstract." In this paper, we introduce axiomatically a new value for cooperative TU games 
satisfying the efficiency, additivity, and symmetry axioms of Shapley (1953) and some new 
postulate connected with the average marginal contributions of the members of coalitions 
which can form. Our solution is referred to as the solidarity value. The reason is that its 
interpretation can be based on the assumption that if a coalition, say S, forms, then the 
players who contribute to S more than the average marginal contribution of a member of S 
support in some sense their "weaker" partners in S. Sometimes, it happens that the solidarity 
value belongs to the core of a game while the Shapley value does not. 

1 Introduction and Main Result 

Let  N be a finite set of n players,  called the  grand coalition. Let  F d e n o t e  the l inear  
space of all n-person t ransferable  utility games. 

A value on F is thought  of as a vector-valued mapping,  say q~: F ~ R  n, which 
uniquely determines ,  for each v e F, a dis t r ibut ion of the weal th  avai lable to the 
p layers  th rough  their  par t ic ipa t ion  in the game v. 

Value  theory  s tar ted  with the fundamenta l  paper  of Shapley (1953) and now 
takes  up a central  pos i t ion in game theory  and its applicat ions,  especial ly in eco- 
nomics,  social and poli t ical  sciences. 

In  this paper ,  we in t roduce  a new value on F w h i c h  reflects some social behav-  
ior of players  in coalitions. To do this, we define, for any non-empty  coal i t ion T 
and any v ~ F, the quant i ty  

1 
AV(T)  = ~  - k~T ~" [ v ( T ) - v ( T ~ k ) ] ,  

where  IT] means  the  cardinal i ty  of T. 
Clearly,  AV(T)  is the  average marginal contribution of a m e m b e r  of the  coali- 

t ion T. Next,  we define the payoff  ~bi(v) to every p layer  i ~ N  in any game v ~ F  
by 

~0i(v)= ~ (n-IT[)! (IT[-1)!AV(T). (1.1) 
r~i n! 

1 This research was supported by the KBN Grant 664/2/91 No. 211589101. 
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(Recall that n =  IN[.) We call the mapping 0=(~Ol . . . . .  ~Pn), given by (1.1), the 
solidarity value on/2. Its interpretation can be obtained by replacing the marginal 
contributions #(T,  i):= v ( T ) -  v(T\i) of player i in the well-known interpretation 
of the Shapley value by AO(T), 0:~ TCN. To be more specified, if a player i be- 
comes a member  of some coalition T, then he/she obtains (as a payoff) the average 
marginal contribution A ~(T) of a member  of T. Thus, if/x (T, i )>  A ~ (T), player i 
offers some part of his/her marginal contribution/x (7', i) to the coalition T to sup- 
port some "weaker" members of T. If # (T, i )< A v (T), then player i benefits from 
the fact that he/she has been accepted to become a new member  of the coalition T. 
Of course, 0i(v) is then the expected payoff to player i in the game v and (under 
the above interpretation) our name for the value 0 is justified. The aim of this 
paper is to determine the solidarity value axiomatically, but before we describe our 
axioms, let us look at the following examples. 

Example 1.1 (Three Brothers): Players 1, 2 and 3 are brothers and they live to- 
gether. Player 1 and 2 can make together a profit of one unit, that is, v{1, 2}=1. 
Player 3 is a disabled person and can contribute nothing to any coalition. There- 
fore, v{1, 2, 3}=1. Further, we have v{1, 3}=v{2, 3}=0. Finally, we assume that 
v{i} = 0 for every player i. This is a classical unanimity game. The Shapley value of 
our game is 

@(v) = (1/2, 1/2, 0). 

(Should the disabled brother leave his family?) If players 1 and 2 take the respon- 
sibility for their brother (player 3), then the solidarity value 

4'(v) = (7/18, 7/18, 4/18) 

seems to be a "better" solution for the game v than its Shapley value. Of course, 
one can say that if some kind of solidarity of players 1 and 2 with player 3 is 
assumed then such a fact should be reflected by the characteristic function v itself. 
However, the question is then how to define the marginal contributions of player 3 
to the grand coalition. The answer is not obvious. We do not want to say that the 
solidarity value is the "only right" solution concept even for this example. We 
would rather like to point out that it could be used to take into account some 
(usually subjective and very difficult to measure) social or psychological aspects in 
a cooperative game. The characteristic function v might be then used to represent 
the underlining "pure economic" situations in the game only. 

We note that g,(v) does not belong to the core of v in the above example and 
the Shapley value ~o(v) does. We now give another game v for which the solidarity 
value does belong to the core of v while the Shapley value does not. 

Example l.2: Consider a three person game v where v{1}=v{2}=0, v{3}=1, 
v{1, 2} = 3.5, v {1, 3} = 0, v {2, 3} = 0. Finally, v {1, 2, 3} = 5. The Shapley value qb(v)of 
this game is 

q~(v) = (25/12, 25/12, 10/12). 
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Note that q~(v) is not individually rational, and thus does not belong to the core of 
v. The solidarity value 0(v) of the game v is 

O(v) = (16/9, 16/9, 13/9), 

and clearly is in the core of v. 

Let ~ be a value on/2. Consider the following axioms. 

Axiom A1 (Efficiency): For any game v~F, 

E ~i(v)=v(N). 

Axiom A2 (Additivity): For any games v, w.eF, 

~(v+ w) = ~(v) + ~(w). 

Axiom A3 (Symmetry): Let veF.  For any automorphism v of the game v, 

~i(v) = ~ ( o  (v). 

We remind that -rr is an automorphism of the game v if v(~r(S))=v(S) for each 
coalition S C N. 

Axiom A4 (A-null player): If i e N  is an A-null player in a game v~F, that is, 
AV(T) =0  for every coalition T containing i, then pi(v)=0.  

Axioms A I - A 3  are standard. Axiom A4 is new and replaces the null player 
axiom introduced by Shapley (1953). If it happens that every coalition T contain- 
ing player i has the average marginal contribution A V(T) = 0, then according to A4 
player i gets nothing from the game v. 

We can now state our main result. 

Theorem: A value q~:F--*R n satisfies the efficiency, additivity, symmetry and 
A-null player axioms if and only if p =  0, i.e., ~ is the solidarity value. 

2 Proof 

Using unanimity games, which are helpful in determining the Shapley value, would 
make the construction of our value very complicated. Therefore, we introduce a 
new basis for F, denoted by {WT}. For each non-empty coalition T, we define the 
game wr to be 
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1 

I I ) if SD T, 

wr(S)  = (2.1) 
otherwise. 

Lemma 2.1: For any non-empty coalition T, the game wr has the following prop- 
erties: 

(i) w ~ ( T ) = l ;  
(ii) If S = T u E  with O=~ECN\T, then 

1 
WT( S ) • - ~  i~S WT( S \i) , (2.2) 

and every player i ~ N \ T  is A-null in the game wr. 

Proof" (i) is obvious. To show (ii) take any S=  T u E ,  where T n E = O  and ESL0. 
Then using (2.1) we get 

wr(S)  - iEs [wr(S\i)] = ,~e [wr(S\i)] 

_ t T I ! I E ] !  1 I T [ ! ( I E I - a ) !  
truEIt ITuE~ IEI =0,  (l~ruEI-x)t 

which gives (2.2). Let i ~ N \ T .  Then for V=Wr and for each coalition S containing 
player i, we have A ~  This is obvious if T is not a subset of S. If TCS,  then 
Av(S)  =0 follows from (2.2). Thus, i is an A-null player in the game wr. �9 

Lemma 2.2: The family {wr: TCN,  TSL0} of games defined by (2.1) is a basis for 
the linear space F. 

Proof." Put K = 2  n -  1. It is known that F is a K-dimensional linear space. Let $1, 
$2, ..., SK be a fixed sequence containing all non-empty subsets of N such that 

n =  ISlj-> IS2l--...--JS,~l =1. 

Further, let A = [aij] be the K x K matrix defined by 

a 0 = Ws, (Sy), i, j = 1, 2 . . . . .  K. 

It follows from (2.1) that A is a triangle matrix with all diagonal entries equal to 1. 
Hence detA 5~0, and this immediately implies that the games {Ws,: i=1,  2 . . . . .  K} 
constitute a set of K independent vectors in the linear space F, and thus, a basis 
for F. �9 
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Lemma 2.3: If ~ =  (q~l, p2, .. . ,  pn) is a value on Fsatisfying the efficiency, additiv- 
ity, symmetry and A-null player axioms, then for every player ieN, non-empty 
coalition T, and any constant c, 

if i6T, 

if i e N \ T .  
(2.3) 

Proof." Fix any non-empty coalition T. If c = 0, then the lemma follows immediate- 
ly from the symmetry and efficiency axioms. Assume that c 5~0. From Lemma 2.1, 
we conclude that every player i e N \ T  is A-null in the game cwr. Thus, q~i(CWT) =0  
for all i e N \ T ,  and the remaining part of (2.3) follows now from the efficiency and 
symmetry axioms. [] 

From A2 and Lemmas 2.2 and 2.3, we conclude the following simple fact. 

Lemma 2.4: Any value satisfying axioms A I - A 4  is a linear mapping from F into 
R n" 

Proof of Theorem: The existence of a value which satisfies our axioms A I - A 4  is 
quite obvious. Clearly, 0 given by (1.1) satisfies the symmetry and A-null player 
axioms. Moreover, 0 is a linear mapping. Hence A2 is satisfied. To show the effi- 
ciency first note (using Lemma 2.1) that ~ is efficient for any base game wr. If 
veF, then there exist constants At, 05 L TCN, such that 

v = E Arwr. 
0 4 T c N  

Using now linearity of ~O, we get 

~ i (v )=  E A T E  ~Oi(Wr)= E ArWT(N)=v(N),  
i o N  O@ T C N  i ~ N  O=~ T C N  

which proves that ~ is an efficient value. 
To prove the uniqueness, consider a value q~ on F which satisfies A1-A4. By 

Lemma 2.4, q~ is a linear mapping. Applying Lemma 2.3 to both ~ and g,, we infer 
that p ( w r ) =  0(wr),  for each base game wr. Thus, p ( v ) =  0(v) for every game 
w E  �9 
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